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RWI & SRI/GWI fast primer
Reformulation of Disk Problem and Analysis
Analysis and Results

Previous Discussions

1 Rossby Wave Instability (RWI) - barotropic process
Instability of at least 2 Rossby waves in shear separated by evanescent zone

Fluid Dynamics Historical (Rayleigh 1880, limiting form→ Kelvin-Helmholtz Instability)

Meteorological (Bretherton 1965 in terms of “potential vorticity", Hoskins et al. 1985, · · · ),
Astrophysical (Lovelace, Li et al. 2000, Meheut 2010, 2012, Varnier & Tagger, and others)

Interpretation as “CRW’s" (Baines & Mitsudera 1994, Heifetz et al. 1999, Umurhan 2010)

2 Gravity Wave Instability (GWI) -
resonant interactions with shear flow

Meteorological (Satomura 1982, Knessl & Keller 1994, Ford 1994, Balmforth 1999)

Laboratory Taylor-Couette (Yavneh 2000, Le Dizes 2009,...)

Fluid dynamics general - aka “Radiative Instability" (Schecter & Montgomery 2010, Le Dizes

Group 2008-Present)

Astrophysical (Dubrulle 2004 as “Stratorotational Instability" SRI, Le Dizes Group 2008-Present)
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RWI & SRI/GWI fast primer
Reformulation of Disk Problem and Analysis
Analysis and Results

Non-Asymptotic Reduction of Disk Equations

1 Meheut et al. numerical analysis:
•isentropic equation of state P = ργ • disk midplane symmetric disturbances

2 Minimal Assumptions Assume following central star potential gradients (very good for thin/cold

disks)
∂φ

∂r
≈ Ω2

0r0(r0/r)2 &
∂φ

∂z
≈ −Ω2

0z(r0/r)3

3 Expansions for radial (u) and azimuthal (v) and enthalpy (Π),
u(x, y, z, t)
v(x, y, z, t)
Π(x, y, z, t)

 =


u0(x, y, t)
v0(x, y, t)

1
2 Ω2

0(h0(x, y, t)2 − z2)

+

∞∑
k=1


u2k(x, y, t)
v2k(x, y, t)
Π2k(x, y, t)

 z2k

and vertical velocities (w)

w(x, y, z, t) = Ω1(x, y, t)z +

∞∑
k=1

Ω1+2k(x, y, t)z1+2k

Dr. Orkan M. "Matt" Umurhan oumurhan@ucmerced.edu Marseille 9/2012 4/22



Part I. - RWI & SRI for Disks
Part II. - Goldreich-Schubert-Fricke Instability

Part III. - Amalgamation

RWI & SRI/GWI fast primer
Reformulation of Disk Problem and Analysis
Analysis and Results

4 Truncation procedure similar to other studies see recent e.g. Umurhan 2008,

Lin 2011,2012: n = 0 truncation only small box shown here - carries over to global disk as well

2D shallow H2O eqns with Kep. shear

du0

dt
− 2Ω0v0 = −∂x

1
2 Ω2

0h2
0

du0

dt
− 1

2 Ω0u0 = −∂y
1
2 Ω2

0h2
0

dh0

dt
= Ω1h0

∂xu0 + ∂yv0 = −γ + 1
γ − 1

Ω1.

d
dt
≡ ∂t + u0∂x + (v0 − qsh Ω0x)∂y

Comments

shear/Rossby waves

gravity waves

no acoustics

strong shear
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RWI & SRI/GWI fast primer
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Analysis and Results

Formulation in terms of Potential-Vorticity/Divergence/Enthalpy

ζ ≡ ∂xv− ∂yu (Vorticity), D ≡ ∂xu + ∂yv (Divergence)

Π ≡ 1
2 h2 (Enthalpy), Z ≡ Ω0(2− q) + ζ

Π
1
2
γ+1
γ−1

(Potential Vorticity)

Evolution Equations

dZ
dt

= 0

dΠ

dt
= −2

(
γ − 1
γ + 1

)
ΠD

(∂t − qsh Ω0x∂y)D = −∇2
[
Π + 1

2

(
u2 + v2

)]
+ 2Ω0qsh∂yu

+∂xv(ζ + 2Ω0)− ∂yu(ζ + 2Ω0)

with diagnostic relations :

u = −∂yψ + ∂xφ, v = ∂xψ + ∂yφ, D = ∇2φ, ζ = ∇2ψ.
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RWI & SRI/GWI fast primer
Reformulation of Disk Problem and Analysis
Analysis and Results

Linear Theory - in a shear layer

Perturbations of uniform shear state between walls (ala classic SRI)
(• Theoretical results carry over when walls are replaced with jumps in mean Potential Vorticity)

Consider uniform state h = h0 = constant and Π′ = Π̂(x) exp ik(y− ct) + c.c.

Parameters:
(wall half-width) ∆, (shear rate) qsh , (wavenumber) k > 0, (grv. wavespeed) c2

g ≡
1
2 Ω

2
0h2

0
γ − 1

γ + 1
,

perturbation in enthalpy - find complex c

k2

c2
g
(c− qsh Ω0x)2Π′ = −

(
∂2

x − k2 − κ2

c2
g

)
Π̂ + 2Ω0ikqsh û

û(x) = − ik
2c2

g

∫ ∆

−∆

e−k|x−x′|
[

sgn(x− x′)(c− qsh Ω0x′) +
1
k

Ω0(2− qsh )

]
Π(x′)dx′

with κ2 ≡ 2(2− qsh )
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Linear Response - layer
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Reformulation of Disk Problem and Analysis
Analysis and Results

Linear theory - free shear analysis of gravity waves easier!!

Sheared coordinate frame transformation, Π′(t)ei`(t)x+iky `(t) = `+ qsh Ω0kt

initial value ODE[
∂2

t + κ2 + c2
g(k2 + `(t)2) +

2qsh Ω0k
k2 + `(t)2 (`(t)∂t + k(2− qsh )

]
Π′ = 0

Solutions for qsh Ω0kt� 1

Π′ =
√

k2 + `(t)2D
[
(1 + i)t

]
, D

[
(1 + i)t

]
↔ Parabolic Cylinder Fcn

asymptotic forms for large t

Π′ −→ const. amp. oscillations, D′ −→ qsh t ×
(

const. amp. oscillations
)
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Analysis and Results

GWI - runs: no RWI operating

flow fields
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RWI & SRI/GWI fast primer
Reformulation of Disk Problem and Analysis
Analysis and Results

RWI vs. GWI Runs - Preliminary Indications

Hypothesis to test: Do quasigeostrophic results carry over to SWT?...yes, sort of.

Pseudospectral tests 256× 1024 runs with ∇16 viscosity.

Current Status: Need high numerical viscosity to control gravity waves
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Flow Fields - low viscosity

Potential Vorticity Field
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Flow Fields - high viscosity

Potential Vorticity Field
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1 Part I. - RWI & SRI for Disks
RWI & SRI/GWI fast primer
Reformulation of Disk Problem and Analysis
Analysis and Results

2 Part II. - Goldreich-Schubert-Fricke Instability
GSF Primer - Quickie
Nonlinear Numerical Experiments
Asymptotics and Linear Theory

3 Part III. - Amalgamation
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GSF Primer - Quickie
Nonlinear Numerical Experiments
Asymptotics and Linear Theory

GSF Instability - unstable inertial waves - (nearly incompressible disturbances)

1 Goldreich-Schubert-Fricke (1967/68) [Also Urpin 2003, Arlt & Urpin (2004)]

– mean rotation not constant on cylinders −→ j2 = R2Ω(R, Z)

instability for:
∂j
∂R
− `Z

`R

∂j
∂Z

< 0 (Solberg-Hoiland)

2 For a “locally isothermal" disk:

T = T0

(
R
R0

)q

=⇒ V(R, Z) = VKep (R)

(
1 + q

[
H2

0

R2
0

]
Z2 · · ·

)

3 cold disks: scale height `Z = H0 � R0 implies (for reference Ω0 at R0)

(growth rates) ∼ qΩ0
H0

R0
⇐⇒ (on radial disturb. length scales) `R ∼

H0

R0
H0.

For H0/R0 = 0.05 =⇒ `R ∼ 0.01R0

Dr. Orkan M. "Matt" Umurhan oumurhan@ucmerced.edu Marseille 9/2012 14/22



Part I. - RWI & SRI for Disks
Part II. - Goldreich-Schubert-Fricke Instability

Part III. - Amalgamation

GSF Primer - Quickie
Nonlinear Numerical Experiments
Asymptotics and Linear Theory

Method/Parameters/Results

Model Equations

∂tρ+∇ · ρu = 0,

∂tρu +∇ · ρuu = −∇P− ρ∇Φ,

∂tT + u · ∇T = −(T − Tref)/τrelax

with P = ρT and Φ = −GM/R
or a proper energy equation

∂te +∇ · eu = −P∇ · u +Q

Code and Setup

Nirvana and Nirvana-III code
(spherical coordinates) (Nr = 1300 and Nθ = 1000)

Axisymmetric disturbances -
rin/R0 = 1 rout/R0 = 2, Zmax/H0 = 5.

Outflow or reflecting conditions -
(no observed difference in results)

q = -1 (constant H0/R0 = 0.05 over domain)

seed with random field in KE

Result
Strong Activity when τrelax → 0 and q 6= 0.
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GSF Primer - Quickie
Nonlinear Numerical Experiments
Asymptotics and Linear Theory

vertical velocity frames

Vertical shear instability in discs 7

Figure 2. Edge-on contours of the perturbed vertical velocity as a function of R, Z and time for model T1R–0.

Figure 3. Edge-on contours of the perturbed vertical velocity as a function of R, Z and time for model TR1–0. Note that for clarity, the grey-scale of the image
has been streteched by plotting the quantity sign(vZ ) × |vZ |1/4. Note that the spectrum bar shows values of v1/4

Z .

and the grey-scale, Fig. 3 plots the values sign(vZ) × |vz|1/4 so that
the grey-scale is stretched to enable the morphology of the pertur-
bations to be more clearly discerned. Both figures demonstrate that
perturbations start to grow near the upper and lower disc surfaces,
where |dΩ/dz| is largest, and toward the inner edge of the disc.
The perturbations are characterised by having short radial and long
vertical wavelengths, as expected for the vertical shear instability
described in Sects. 3.2 and 6. The short radial wavelength gives

rise to significant radial shear in the vertical velocity dvZ/dR, and
this apparently causes small scale eddies to form at the shearing
interfaces. As time proceeds the instability extends toward the disc
midplane and out to larger radii, until the entire disc participates in
the instability (although it should be noted that the midplane where
dΩ/dz = 0 is formally stable to local growth of the vertical shear
instability).

Close inspection of the lower panels in Fig. 3 show that the

c� 2002 RAS, MNRAS 000, 1–19

Radial Wavelength of dominant growing mode ∼ 0.009R0.
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features and clues

component KE
6 Nelson, Gressel & Umurhan

Perturbed kinetic energy versus time 
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Figure 1. Time evolution of the normalised perturbed kinetic energy in the
meridional and radial coordinate directions for model T1R-0 with p = −1.5,
q = −1 and reflecting boundary conditions at the meridional boundaries.

Nθ of 1328×1000 grid cells for our nirvana runs with H0/R0 = 0.05
orMmid = 20 at r = R0. The nirvana-iii runs used a resolution of
1344 × 1024

We adopt a system of units in which M = 1, G = 1 and R0 = 1.
When presenting our results, the unit of time is the orbital period at
the disc inner edge, Pin = 2π.

5 RESULTS

The main aims of the following simulations are to delineate condi-
tions under which the disc models outlined in Sect. 2.1 are unsta-
ble to the growth of the vertical shear instability, and to examine
the effect that different physical and numerical set-ups have on the
growth and evolution of this instability. We also aim to characterise
the final saturated state of these unstable discs, although our adop-
tion of mainly axisymmetric simulations provides some restriction
in achieving this final aim.

We define the volume integrated meridional and radial kinetic
energies through the expressions

eθ =
1
2

�

V
ρv2
θdV, er =

1
2

�

V
ρv2

r dV (25)

When presenting our results we normalise these energies by the to-
tal kinetic energy contained in keplerian motion in the disc initially.

We begin discussion of our results below by describing sim-
ulations of locally isothermal discs for which T (R) ∼ R−q and
ρ(R) ∼ R−p. We describe one fiducial model in detail, before dis-
cussing briefly the influence of the temperature profile in control-
ling the instability. We present a comparision between results ob-
tained using the two codes described in Sect. 4, and also demon-
strate how the instability evolves as a function of disc viscosity.

The next set of results we present are for disc models in which
the initial temperature is a strict function of R, but we set γ = 1.4,
solve the energy in eqn. (1), and allow the temperature to relax
toward its initial value using eqn. (18). In this section, we exam-
ine how the thermal relaxation rate contols the instability, covering
the full range of thermodynamic behaviour from locally isothermal
through to isentropic.

In the penultimate part of our numerical study, we consider
disc models for which the entropy function, Ks, is a strict function
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Figure 5. Time evolution of the vertical centre of mass position for each
radial location in the disc for the fiducial model T1R–0 with H/R = 0.05.
Note that the vertical centre of mass position has been normalised by the
local scale height at each radius. Starting from bottom to top the plots cor-
respond to times (in orbits): 9 × 10−4, 9.18, 27.86, 65.00, 92.66. The multi-
plicative factor indicated in each legend causes the maximum amplitude of
the normalised c.o.m. position in each graph to equal unity.

of R, and again employ thermal relaxation to examine the condi-
tions under which accretion discs display the vertical shear instabil-
ity. The final numerical experiment we present examines the insta-
bility in a full 3D model, and provides an estimate of the Reynolds
stress induced by the instability.

We present an analytic model in the discussion section which
illustrates the basic mechanism of the instability and delineates the
conditions under which it operates.

5.1 A fiducial model

We begin presentation of the simulation results by discussing one
particular model in detail to illustrate the nature of the instability
that is the focus of this paper. The fiducial model is TR1–0 listed in
Table 1, with temperature, T , defined as a function of R only, and
p = −1.5 and q = −1 in eqns. (3) and (2). A locally isothermal
equation of state is adopted. As such, this disc model has param-
eters very similar to those used in numerous previous studies of
disc related phenomena (e.g. Kley et al. 2001; Cresswell & Nelson
2006; Fromang et al. 2011; Pierens & Nelson 2010), although we
focus primarily on the inviscid evolution here.

The time evolution of the normalised meridional and radial
kinetic energies defined in eqn. (25) are shown in Fig. 1. The in-
tial values at t = 0 originate from the seed noise, and we observe
that after ∼ 10 orbits, during which the perturbed kinetic energies
damp slightly, rapid growth of the perturbation energies arises. The
normalised energies reach non linear saturation after ∼ 400 orbits
having reached values of a few ×10−5. Inspection of the evolution
of the sum of the meridional plus radial kinetic on a log-linear plot
indicates that the linear growth rate of the perturbed energy in Fig. 1
is � 0.24 orbit−1.

Contour plots of vertical velocity perturbations, vZ , that arise
at different stages of the disc evolution are shown in Figs. 2 and
3. These two figures show the perturbed velocity field at identical
times, but whereas Fig. 2 maps linearly between the velocity values

c� 2002 RAS, MNRAS 000, 1–19

growth rate ∼ 0.24 orbit−1

Variation of τrelax10 Nelson, Gressel & Umurhan
Perturbed kinetic energy versus time 
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Figure 9. Time evolution of the normalised perturbed kinetic energy in the
meridional and radial coordinate directions for model T1R–0 with p = 1.5,
q = 1 and reflecting boundary conditions at the meridional boundaries. Each
curve corresponds to a different value of the imposed kinematic viscosity,
ν, as indicated.

ν = 10−6 corresponds to the Shakura-Sunyaev viscous stress pa-
rameter α = 4 × 10−4 at R = 1 (Shakura & Sunyaev 1973), and to
a Reynolds number Re = Hcs/ν = 2500). The results are shown in
Fig. 9, which shows the time evolution of the perturbed meridional
plus radial kinetic energies. As expected, the results have a strong
dependence on viscosity. For ν = 10−5 the instability is damped
completely, which explains why previous 3D simulations of locally
isothermal discs have not reported seeing the vertical shear insta-
bility (e.g. Kley et al. 2001; Cresswell & Nelson 2006; Fromang
et al. 2011; Pierens & Nelson 2010). For decreasing values of ν the
amplitude of instability increases, until at a value of ν = 10−8 there
is little difference between the result in Fig. 9 and the inviscid result
shown in the left panel of Fig.6.

Interestingly, it is found that in fully turbulent models where
the MRI is active throughout the disc and α � 0.01, the corruga-
tion instability is not observed (Fromang & Nelson 2006). We have
computed models similar to those presented in Fromang & Nel-
son (2006) and find that corrugation of the disc does not develop.
Although these MHD simulations adopt a significantly lower res-
olution than the pure hydrodynamic runs we have presented here,
we note that hydrodynamic runs performed at low resolution still
show the development of the instability even when the short ra-
dial wavelength perturbations of the initial growth phase are not
resolved. Instead, we find that the disc displays longer wavelength
breathing and corrugation modes that become unstable and cause
the disc to oscillate verically in quite a violent manner. In mag-
netised global disc models with dead zones whose vertical height
covers � 2.5 scale heights, which support Reynolds stresses in the
dead zone with an effective value of α � 10−4, the development
of these corrugation oscillations is observed in models that adopt a
locally isothermal equation of state with q = −1.

5.5 Thermal relaxation in models with T (R)

We now consider the evolution of models where we relax the lo-
cally isothermal assumption associated with the response of the
fluid to perturbations. We evolve the energy equation in (1), and
introduce thermal relaxation by integrating eqn. (18). We adopt

Perturbed kinetic energy versus time 
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Figure 10. Time evolution of the sum of the (normalised) perturbed radial
and meridional kinetic energy in discs where the temperature was initially
constant on cylinders, as a function of the thermal relaxation time. Note that
only the τRelax = 0 and 0.01 cases show growth.

the equation of state P = (γ − 1)e, and set γ = 1.4. The gas is
assumed to be inviscid. Power-law profiles for the initial tempera-
tures, T (R), and midplane density, ρmid(R), are adopted with q = −1
and p = −1.5 in eqns. (2) and (3). The aim of these models is to
examine the robustness of the vertical shear instability as a func-
tion of the thermal relaxation time, τrelax, defined in eqn. (18) and
expressed as a fixed multiple or fraction of the local orbital period.
These runs are labelled T5R–0.01 – T9R–∞ in Table 1.

The evolution of the normalised perturbed kinetic energies for
a number of models with relaxation times in the range 0 � τrelax �
∞ are plotted in Fig. 10. It is immediately obvious that instability
only occurs in either the locally isothermal case (τrelax = 0) and
when τrelax = 0.01 orbits. All other simulations result in the per-
turbed kinetic energy contained in the initial seed noise decaying
with time. We note that the case of τrelax = ∞ is directly compara-
ble to a previous study on the adiabatic evolution of a stratified disc
by Rüdiger et al. (2002). The authors considered the hydrodynamic
stability under the Solberg-Høiland criterion and also find stability
in this case.

Our results indicate that the vertical shear instability requires
that the initial temperature profile of the fluid is re-established
rather rapidly during dynamical evolution, at least for the equilib-
rium temperature and density profiles adopted in these particular
models.

The requirement for near-isothermal evolution suggests that
the vertical shear instability is most likely to operate in the opti-
cally thin regions of astrophysical discs whose global properties
are similar to those considered here. For example, the outer regions
of protoplanetary discs lying beyond ∼ 100 AU may be prone to
this instability, provided that MHD turbulence is present at low
enough levels that the instability is not damped by the turbulent
viscosity. This seems ti be a likely prospect given that low density
regions may be stabilised by ambipolar diffusion(Armitage 2011).
It should also be noted, however, that the simple thermal relaxation
model we employ does not capture the fact that the thermal evolu-
tion time of a mode with radial wavelength λR scales as ∼ λ2

R/D
(where D is the thermal diffusion coefficient), such that very short
wavelength modes may remain unstable in optically thick discs. A
reduction in spatial scales on which the instability operates, how-
ever, will presumably affect the resulting turbulent flow and reduce

c� 2002 RAS, MNRAS 000, 1–19

Important Clue: radial velocities dwarfed by vertical velocities
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GSF Primer - Quickie
Nonlinear Numerical Experiments
Asymptotics and Linear Theory

Stripped down model exposing instability

numerically guided asymptotic analysis

• time−1 ∼ Ω0H0/R0, `R ∼ (H0/R0)
2R0, `z ∼ H0, and vR � vZ ,

for τrelax → 0 and q 6= 0

Reduced equations

examined around fiducial radius R = R0 where T = T0 ⇐⇒ c2
s0

−2Ω0v = −c2
s0∂r ln ρ Radial Geostrophy!!

dv
dt

+ 1
2 Ω0u +

∂V̄
∂z

w = 0 Azimuthal Mom

dw
dt

= −c2
s0∂z ln ρ Vertical Mom

∂ρ̃u
∂r

+
∂ρ̃w
∂z

= 0 Anelastic Eqn.!!

with ρ̃ = exp(−z2/2H2
0).
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GSF Primer - Quickie
Nonlinear Numerical Experiments
Asymptotics and Linear Theory

linear theory and perturbation analysis

linear perturbations ρ→ ρ0 + ρ′

Inseparable equation in r and z!!

∂2

∂r2

∂2ρ′

∂t2 +
∂2ρ′

∂z2 =

(
1 + q

∂

∂r

)
z
∂ρ′

∂z

double instability !! (kq > 1)

solution modes of the inseparable “form":

ρ′ = ρ(m, k) ∼
∑m

j=1 est+jr/s2
cos krHj(z)

where m are integer indices > 0:

s2
= (m/k2

)

(
−1±

√
1− q2k2

)

maximal growth rates (our sims: q=-1, H0/R0 = 0.05)

radial scale of max growth : `r = π|q|
(

H0

R0

)2

R0 =⇒ 0.008R0

growth rate of max growth in KE : s(KE)
max = 2smax =

√
2mπ|q|

(
H0

R0

)
orbit−1

=⇒ 0.22
√

m orbit−1
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Nonaxisymmetric response - Baroclinic RWI driven by this mechanism?

theoretic considerations:

Axisymmetric instability =⇒
geostrophic mod. of base shear flow

2Ω0v =
∂ ln ρ
∂r

Set up conditions for
barotropic RWI and baroclinic extensions

Corresponding Asymptotic Eqns.
for further linear/nonlinear analysis:

−2Ω0v = −c2
s0∂r ln ρ

dv
dt

+ 1
2 Ω0u + w∂zV = −c2

s0r−1
0 ∂φ ln ρ

dw
dt

= −c2
s0∂z ln ρ

∂ρ̃u
∂r

+
1
r0

∂ρ̃v
∂φ

+
∂ρ̃w
∂z

= 0

d
dt

= ∂t + u∂x + (v− qΩ0(r − r0))∂φ + w∂z

with ρ̃ = exp(−z2/2H2
0).
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Non-axisymetric full numerical runs:
Vertical shear instability in discs 13

Figure 15. Perturbed density, δρ/ρ in the merdional plane at φ = π/8 (upper three panels) for the 3D simulation T1R–0–3D. Note that we have effectively
stretched the grey-scale by plotting the quantity sign(δρ) × |δρ/ρ|1/4 in the upper panels. The lower panels show the relative density perturbations δρ/ρ at the
disc midplane. No grey-scale stretching has been applied to these lower panels.

anelastic and radially geostrophic - by the latter expression we
mean to indicate dynamics which are in constant radial force bal-
ance between Coriolis effects and pressure gradients. Furthermore,
despite the varied simplifications we make to expose the essence of
the physical process, the fundamental equations describing the re-
sulting linearised response remain inseparable in the radial and ver-
tical coordinates. This means that the only recourse in establishing
any insight is through a further approximate solution of the result-
ing reduced equations. We find that the solution indicates that for
given parameters describing disturbances the instability appears in
pairs, as opposed to appearing individually as indicated by (27).
Although we have not proved it in this study, we conjecture the
powerful driving of the instability in the simulations may be, in
part, caused by this feature.

6.1 Equations of motion revisited and steady states rederived

The equations of motion for axisymmetric inviscid dynamics in a
cylindrical geometry are given by
�
∂

∂t
+ U

∂

∂R
+W

∂

∂Z

�
U − V2

R
= −1

ρ

∂c2
sρ

∂R
− ∂Φ
∂R
, (28)

�
∂

∂t
+ U

∂

∂R
+W

∂

∂Z

�
V +

UV
R

= 0, (29)

�
∂

∂t
+ U

∂

∂R
+W

∂

∂Z

�
W = −1

ρ

∂c2
sρ

∂Z
− ∂Φ
∂Z
. (30)

Note that the (R, φ, Z) velocity components are given here by
(U,V,W). We dispense with the subscripted scheme (vr, vφ, vZ) used
in previous sections in order to simplify the notation. The corre-
sponding equation of mass continuity is

∂ρ

∂t
+

1
R
∂RρU
∂r

+
∂ρW
∂Z
= 0. (31)

As mentioned above, we focus here on dynamics that are locally
isothermal with an infinitely short cooling time (τrelax → 0). This
then is to be considered in the context of simulations T1R–0 to
T4R–0 summarized in Table 1. Reciting therefore from Section 2: it
means that the square of the sound speed is given by c2

s = c2
0(R/R0)q

where R0 is the fiducial reference disc position and c0 is the scaled
sound speed at that point. The gravitational potential emanating
from the central object is Φ = −GM/(R2 + Z2)1/2.

The general equilibrium state solutions are found in eqns.
(12)-(13) but, as we mentioned earlier, perturbations superposed
on this base state are difficult to analyse because the resulting equa-
tions are fundamentally inseparable so that a typical normal-mode
analysis is out of the question. In order to facilitate some kind of
tractable analysis we make the one and only approximation here:
the radial and vertical gradients of the potential Φ are expressed in
terms of their corresponding first order Taylor Series expansions,
i.e.

∂Φ

∂R
≈ −GM

R2
0

�R0

R

�2
= −Ω2

0R0

�R0

R

�2
,

∂Φ

∂Z
≈ −GM

R3
0

�R0

R

�3
Z = −Ω2

0

�R0

R

�3
Z,

in which Ω0 = (GM/R3
0)1/2 is the reference keplerian rotation rate

at radius R0. The midplane density is chosen to be of the form
ρmid = ρ0(R/R0)p where ρ0 is the reference density and where p is
an arbitrary index (as referenced earlier). In the following analysis
it will be convenient for our discussion to refer to the natural loga-
rithm of the density instead of directly to the density itself, thus, we
define Π ≡ ln ρ. Because we shall be concerned with perturbations
around the steady states implied by the above equations we shall

c� 2002 RAS, MNRAS 000, 1–19

vortex production in-plane =⇒
Outward angular momentum Transportage!
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Nonaxisymmetric response - Baroclinic RWI driven by this mechanism?

Transport Properties

Effective “α"

∼ 2× 10−3

Distribution around midplane

Next Stages:

Sort out linear theory of competing
instabilities

Further examine the requirement
that thermal relaxation times must
be short!

Verification via other means

Transport Map
12 Nelson, Gressel & Umurhan

Normalised Reynolds stress versus time 
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Figure 13. Time evolution of the volume averaged Reynolds stress (nor-
malised by the mean pressure) for the full 3D simulations T1R–0–3D

quantity is computed as follows. We define an azimuthally aver-
aged Reynolds stress TR(r, θ) obtained by averaging the quantity
ρδvRδvφ over azimuth. Here δvR and δvφ are the local radial and
azimuthal velocity fluctuations. We also define a density-weighted
mean pressure as a function of r, P(r), obtained by averging over
θ and φ. We define a local value of the Shakura-Sunyaev stress pa-
rameter α(r, θ) = TR(r, θ)/P(r). The simple average of α(r, θ) over
r and θ is the quantity plotted in Fig. 13.

Although rather noisy, we see that the normalised stress ap-
proaches average values ∼ 6 × 10−4 by the end of the simulation
(and appears to be still growing at this point). The spatial distribu-
tion of α(r, θ), time averaged during the last 10 orbits of the run, is
shown in Fig. 14. Here we see that local values of the stress reach
∼ 2 × 10−3, indicating that the vertical shear instability generates a
quasi-turbulent flow capable of supporting significant outward an-
gular momentum transport in astrophysical discs, given favourable
conditions for its development.

The upper panels of Fig. 15 show contours of the perturbed
density, δρ/ρ0 in a slice parallel the meridional plane at three differ-
ent times during the simulation, showing similar features to those
presented for the 2D-axisymmetric simulation in Fig. 5. Perhaps
more interesting are the lower panels of Fig. 15 which show the ac-
tual density ρ in the (R, φ) plane located at the disc midplane. Here
the development of spiral density waves may be observed, similar
in morphology to those that arise in discs where turbulence is driven
by the MRI (e.g. Papaloizou & Nelson 2003). The 3D simulation
presented here suggests that if the appropriate conditions prevail in
astrophysical discs, the vertical shear instability may lead to a tur-
bulent flow capable of supporting significant angular momentum
transport.

6 THEORETICAL CONSIDERATIONS

The GSF instability appears by rendering the inertial modes of a
rotating atmosphere unstable. The original analysis in Goldreich
& Schubert (1967, GS67 hereafter) demonstrated the possibility of
this instability by performing a point analysis at a given location in
a stellar radiative zone away from the equator, equivalent to consid-
ering a location away from the midplane in a disc. In this section
we examine the mathematical structure of the instability by further

Figure 14. Spatial distribution of the time and horizontally averaged
Reynolds stress (normalised by the mean pressure at each radius) for the
model T1R–0–3D.

extending previous analyses, including those of Urpin (2003) and
Arlt & Urpin (2004), by relaxing the point assumption.

We shall focus on disturbances which are locally isothermal.
For the sake of completion of this important discussion we redo
the original point analysis of GS67 in Appendix A, but without in-
troducing the Boussineq approximation. Denoting σ as the growth
rate we find that the inertial mode response is roughly given by

σ2 =
−κ20(c2

0k2
z + N2

0 ) + 2Ω0c2
0krkz

∂V̄
∂z

c2
0(k2

z + k2
r ) + κ20 + N2

0

, (26)

in which c0 is the reference sound speed, κ0 is the epicyclic fre-
quency which, for a keplerian disc, is given by Ω0, the local kep-
lerian rotation rate at the point in question. kz and kr are the corre-
sponding vertical and radial disturbance wavenumbers respectively.
The local Brunt-Vaisaila frequency is N0 and ∂V̄/∂z is the vertical
gradient of the mean keplerian flow. This quantity typically scales
on the order of magnitude of (q/2)Ω0(H0/R0) where q is the same
exponent of the radially varying isothermal sound speed discussed
in Section 2. Supposing for this discussion that N0 is negligible it
follows from this expression that if H0/R0 is small then instability
can only happen if the radial wavenumber conspires to be corre-
spondingly large. In that limit the above expression implies

σ2 ∼ 2Ω0
kz

kr

∂V̄
∂z
− κ20

k2
z

k2
r
, (27)

indicating that instability is possible if kz/kr ∼ O (qH0/R0). The
analysis of Arlt & Urpin (2004), for example, also similarly in-
dicates that for the same rough conditions the growth rate ought
to scale as O (qΩ0H0/R0). The simulations we have performed are
consistent with this tendency where the radial length scales of the
emerging structures are significantly shorter than the vertical ones
with growth rates of the instability on the order of 4 orbit times for
H0/R0 ∼ 1/20 and q = −1.

Our goal is to develop a better physical understanding of the
processes responsible for this instability beyond invoking Solberg-
Høiland criteria. In this respect we notice from Figure 1 that radial
velocity fluctuations are considerably smaller in magnitude than the
corresponding meridional velocities.

With these clues in mind, we show in the following how
the processes involved in bringing about the instability is largely

c� 2002 RAS, MNRAS 000, 1–19
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